Abstract. The paper reports computations on endohedral fullerene systems, combining the treatments of quantum chemistry and statistical mechanics. Relative concentrations of five isomers of Ca@C72 are presented as an illustration, using the Gibbs energy based on density-functional theory computations. Anharmonicity effects are probed on a simple model system of C6. The temperature-pressure stabilization of metallofullerenes is visualized on Li@C60.
Introduction
Fullerenes and metallofullerenes have represented objects of a considerable interest [1] for both experiment as well as computations and theory. Fullerenes are commonly defined as polyhedral cages containing only carbon atoms arranged into five-and six-membered rings. More generally, quasi-fullerenes have also been recognized, namely as cages containing additional types of cycles like (topological) squares and heptagons. Various endohedral cage compounds have been suggested as possible candidate species for molecular memories and thus for quantum computing and nanotechnology. One approach is based on endohedral species with two possible location sites of the encapsulated atom [2] while another concept of quantum computing aims at a usage of spin states of N@C 60 [3] . At present, a still deeper knowledge of various molecular aspects of the species is however needed before their tailoring to nanoscience and nanotechnology applications is possible.
In this report, computations on a few carbon-cluster systems are reported, combining the treatments of quantum chemistry and statistical mechanics. The selected systems demonstrates several aspects of the computational approach. Relative concentrations of five isomers of Ca@C 72 , anharmonicity effects for C 6 , and the problem of stabilization of Li@C 60 are calculated using the computed partition functions and Gibbs energy. This approach is distinctly different from the presently common conventional stability estimations based on mere potential-energy differences with no reference to temperature and/or pressure effects. 
Computations
The computations for Ca@C 72 started [1] from the five structures optimized [1, [4] [5] [6] in the past at the Hartree-Fock (HF) level in a combined basis set: 3-21G basis for C atoms and a dz basis set [7] with the effective core potential on Ca (for the sake of simplicity, denoted here HF/3-21G∼dz). The structures were reoptimized using density-functional theory (DFT), namely Becke's three parameter functional [8] with the non-local Lee-Yang-Parr correlation functional [9] (B3LYP) with the above basis set (B3LYP/3-21G∼dz). The analytical energy gradient was used in the geometry optimizations. Figure 1 presents the DFT optimized structures. All the reported computations were carried out with the Gaussian 98 program package [10] .
In the optimized B3LYP/3-21G∼dz geometries the harmonic vibrational analysis was performed with the analytical force-constant matrix. In the same B3LYP/3-21G∼dz optimized geometries a higher-level single-point energy calculation was also carried out, namely using the standard 6-31G * basis set for all atoms. The electronic excitation energies can be evaluated by means of two techniques. One is the ZINDO method [11, 12] , known also as the ZINDO/S method, a semiempirical SCF method combined with the configuration interaction technique and specifically parametrized for calculation of electron excited states. The other approach is time-dependent (TD) DFT response theory [13] at the B3LYP/3-21G∼dz level. Singlet and triplet excited states were evaluated as they both are relevant for the electronic partition function of a singlet species under the conditions of thermodynamic equilibrium.
Relative concentrations (mole fractions) x i of m isomers can be expressed [14] through their partition functions q i and the enthalpies at the absolute zero temperature or ground-state energies ∆H • 0,i (i.e., the relative potential energies corrected for the vibrational zero-point energies) by a compact formula:
where R is the gas constant and T the absolute temperature. Equation (1) is an exact formula that can be directly derived [14] from the standard Gibbs energies of the isomers, supposing the conditions of the inter-isomeric thermodynamic equilibrium. Rotational-vibrational partition functions were constructed from the calculated structural and vibrational data using the rigid rotator and harmonic oscillator approximation. No frequency scaling is applied as it is not significant [15] for the x i values at high temperatures. The geometrical symmetries of the optimized cages were determined not only by the Gaussian 98 builtin procedure [10] but also by a technique [16] which considers precision of the computed coordinates. The electronic partition function was constructed by directed summation from the computed electronic excitation energies. In fact, just a few first electronic excited states matter for the partition function. Finally, the chirality contribution [17] was included accordingly (for an enantiomeric pair its partition function q i is doubled).
Results and discussion
It has been customary to evaluate the relative stabilities of metallofullerenes in the mere terms of their separation potential energy. However, the potential energy terms themselves cannot generally decide stability order at high temperatures as the entropic part of the Gibbs energy becomes essential. Ca@C 72 was isolated [18] though its observed structure is not yet available. It follows from its very first computations [4, 19] that there are five isomers especially low in potential energy. In fact, C 72 has only one [20] isolated-pentagon-rule (IPR) structure. The endohedral Ca@C 72 species created by putting Ca inside the sole IPR cage has been labeled [4] by (a). The other four Ca@C 72 isomers considered in refs. [1, 4, 19] are related to two non-IPR C 72 cages (b) and (c), to a C 72 structure with one heptagon (d), and to a species with two heptagons (e). The stability computations [21] were carried out as described above with a particular feature that the electronic excitation energies were evaluated by means of TD DFT response theory at the B3LYP/3-21G∼dz level. Figure 2 presents the temperature development of the relative concentrations of the five Ca@C 72 isomers in a high temperature region. At very low temperatures (not shown in Fig. 2 ) the structure lowest in the ∆H • 0,i scale must be prevailing. However, already at a temperature of 226 K (that has no practical meaning) the relative concentrations of the (c) and (b) structures are interchanged and beyond the point the (b) structure is always somewhat more populated. Even more interesting is the behavior of the IPR-satisfying (a) structure. As the structure is the highest in the potential energy, it must be the least populated species at low temperatures. However, later on the entropy contributions (low symmetry, some lower vibrational frequencies and some lower electronic excitation energies) elevate the (a) isomer into the status of a minor isomer that could also be observed. On the other hand, the heptagon-containing isomers (d) and (e) have the least chances to be detected. Interestingly enough, the concentration order at high temperatures for Ca@C 72 is quite similar to that previously computed [22] for Mg@C 72 . Achiba et al. [23] isolated a second isomer of Ca@C 72 recently so that it is clear that at least one of the two available [18, 23] Ca@C 72 isomers has a non-IPR cage.
In order to see possible effects of vibrational anharmonicities, one can apply their second-order perturbative evaluation [24, 25] recently implemented in the Gaussian 03 program package [26] . However, a rather simple isomeric system has to be selected so that the evaluations are computationally feasible - for example cyclic isomers of C 6 . Raghavachari et al. [27] firmly confirmed isomerism in the system suggested in previous computations [28] . Later on, both linear [29] [30] [31] [32] [33] [34] and cyclic [32, 35, 36] form was indeed observed. The isomeric system also continues to attract a vigorous computational interest [37] [38] [39] [40] [42] [43] [44] [45] . There are [27, 44] two low-energy C 6 cyclic structures with D 3h and D 6h symmetries. Their harmonic and anharmonic partition functions were evaluated here at the MP2 = FC/6-31G * level while the potential-energy change was computed using the G3 theory [46] . The computations supplied the input for the isomer weighting formula from Eq. (1). Table 1 demonstrates that a canceling-out of the anharmonic corrections works very well in this illustrative case. The cancellation is expected to operate reasonably well even for larger systems.
There is a more general stability problem [47] [48] [49] [50] related to fullerenes and metallofullerenes, viz. the absolute stability of the species. Its essence can be presented on Li@C 60 as an example. Systems containing alkali metals and fullerenes have been studied [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] for both exohedral and endohedral locations of the metal. Endohedrals Li@C 60 and Li@C 70 can be produced by low energy ion implantation [60, 61] in bulk amounts. It has been computed that the Li atom exhibits [52, 58, 59, 62 ,63] a non-central location relatively close to the cage. The system can serve as a formation model for the electric-arc production of metallofullerenes:
Under equilibrium conditions we shall deal with the encapsulation equilibrium constant K @,p :
expressed in the terms of partial pressures of the components. Temperature dependency of the encapsulation equilibrium constant K @,p is described by the van't Hoff equation:
where ∆H • @ stands for the (negative) standard change of enthalpy upon encapsulation. Let us further suppose that the metal pressure is close to the saturated pressure p sat (Li). With this presumption, we Table 2 The computed a encapsulation equilibrium constant b K @,p for formation of Li@C60 and its product with the Li saturated-vapor pressure c psat(Li) shall deal with a special case of clustering under saturation conditions [64, 65] . While the saturated pressure p sat (Li) is well known from experiment [66] , the partial pressure of C 60 is less clear as it is obviously influenced by a larger set of processes (though, C 60 should exhibit a temperature maximum and then vanish). Therefore, we avoid the latter pressure in our considerations at this stage.
The encapsulation equilibrium constant K @,p was computed using the potential-energy change evaluated at the B3LYP/6-31G * level and the harmonic partition functions at the B3LYP/3-21G level (Table 2). The computed equilibrium constant shows a temperature decrease as it must be the case with respect to Eq. (4) and the negative encapsulation enthalpy. However, if we consider the combined term p sat (Li)K @,p , that directly controls the partial pressure of the formed endohedral, we get a different picture. The critical term increases with temperature which could be a basic scenario of the metallofullerene formation in the electric-arc technique. An optimal production temperature could be evaluated in a more complex model that also includes temperature development of the fullerene partial pressure.
Conclusions
Relative stabilities of fullerenes and metallofullerenes can presently be computed at two levelsnot only as relative stabilities of isomeric species but also as inter-stabilities for clusters with different stoichiometries. In order to respect the high temperatures of fullerene/metallofullerene preparations, the Gibbs energy terms should be used instead of the traditional potential-energy differences. The approach thus requires combination of the treatments of quantum chemistry and statistical mechanics. Although the partition functions are to be of the rigid rotator and harmonic oscillator quality, it is shown that ample cancellation of higher terms is possible for the relative isomeric populations. The computational treatment agrees with the available observed data [23] though a further testing is clearly needed. As for the relative stability of metallofullerenes with different stoichiometries, inclusion of a new term is recommended, viz. the metal saturated pressures. This options allows for a temperature-pressure stabilization of metallofullerenes and for stability inter-evaluations for pairs like [66] La@C 60 and Gd@C 60 .
